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Abstract 

Recently it was observed by one of the authors that supersymmetric quantum me¬ 
chanics (SUSYQM) admits a formulation in terms of only one bosonic degree of free¬ 
dom. Such a construction, called the minimally bosonized SUSYQM, appeared in the 
context of integrable systems and dynamical symmetries. We show that the minimally 
bosonized SUSYQM can be obtained from Witten’s SUSYQM by applying to it a non¬ 
local unitary transformation with a subsequent reduction to one of the eigenspaces of 
the total reflection operator. The transformation depends on the parity operator, and 
the deformed Heisenberg algebra with reflection, intimately related to parabosons and 
parafermions, emerges here in a natural way. It is shown that the minimally bosonized 
SUSYQM can also be understood as supersymmetric two-fermion system. With this 
interpretation, the bosonization construction is generalized to the case of A = 1 super- 
symmetry in 2 dimensions. The same special unitary transformation diagonalises the 
Hamiltonian operator of the 2D massive free Dirac theory. The resulting Hamiltonian is 
not a square root like in the Foldy-Wouthuysen case, but is linear in spatial derivative. 
Subsequent reduction to ‘up’ or ‘down’ field component gives rise to a linear differential 
equation with reflection whose ‘square’ is the massive Klein-Gordon equation. In the 
massless limit this becomes the self-dual Weyl equation. The linear differential equa¬ 
tion with reflection admits generalizations to higher dimensions and can be consistently 
coupled to gauge fields. The bosonized SUSYQM can also be generated applying the 
nonlocal unitary transformation to the Dirac field in the background of a nonlinear 
scalar field in a kink configuration. 
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1 Introduction 


Supersymmetric quantum mechanics (SUSYQM) was introduced by Witten |l| as a toy model 
for studying supersymmetry breaking mechanism that would solve the hierarchy problem. 
Since then, SUSYQM has found many important applications. Their exhaustive list alongside 
with corresponding references can be found, e.g., in the review papers [^, ^. A new aspect of 
SUSYQM, recently discussed in the context of integrable systems and dynamical symmetries, 
is its minimally bosonized form . The name of the construction stems from its formulation 
in terms of only one bosonic degree of freedom. The supercharge and Hamiltonian operators 
of the minimally bosonized supersymmetry are given by 

where 1U_ (x) = —1U_ {—x) is the odd superpotential, and R is the reflection operator, = 1, 
Rx = —xR. It was shown in 0] that the construction can in principle be extended to the case 
of OSp{2\2) supersymmetry and that it is related to the Witten’s SUSYQM in a nontrivial 
way, but the exact form of the relationship was not established. 

In this paper we investigate the relationship between conventional and bosonized forms 
of SUSYQM and discuss two other aspects of bosonized supersymmetry: its interpretation 
as supersymmetry of a system of identical fermions and as a symmetry in a system of a Dirac 
held in the background of a nonlinear scalar held. The bosonization construction applied to 
the 2D massive Dirac held allows us also to obtain a linear diherential held equation with 
rehection whose ‘square’ is the Klein-Gordon equation. 

The paper is organized as follows. In Section 2 we hnd the nonlocal unitary trans¬ 
formation and subsequent reduction procedure relating the conventional form of Witten’s 
SUSYQM with the bosonized form. Here we discuss general properties of the bosonized su¬ 
persymmetry and arrive naturally at the deformed Heisenberg algebra with rehection emerg¬ 
ing in some integrable systems i, I and closely related to parabosons and parafermions 
1]^, In Section 3 we show that bosonized supersymmetry can be understood as a super- 
symmetry of the system of two identical fermions. This interpretation allows us to generalize 
the bosonization construction to the case of Y = 1 supersymmetry in two spatial dimen¬ 
sions. In Section 4 we hnd that the same nonlocal unitary transformation, which relates the 
conventional supersymmetry with the bosonized one, diagonalises the Hamiltonian of the 
(1 -|- l)-dimensional massive Dirac equation. Subsequent reduction of the transformed Dirac 
equation supplies us with the linear diherential equation with rehection whose ‘squared form’ 
is the Klein-Gordon equation. In the massless limit this becomes the self-dual Weyl equa¬ 
tion. We generalize the obtained linear equation to higher (arbitrary) dimensions and show 
that it admits switching on gauge interactions of special form. Finally, we observe how the 
bosonized SUSYQM appears under application of the same nonlocal unitary transformation 
to the 2D system of Dirac held in the background of a soliton. Here the corresponding phases 
of the bosonized supersymmetry signal the presence or absence of fermionic zero modes. We 
conclude in Section 5 giving the list of open problems for further investigation. 
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2 Special unitary transformation and bosonized SUSY 

In this Section we show how the minimally bosonized snpersymmetric qnantnm mechanics 
^ can be related to Witten’s SUSYQM |]^ by applying to the latter the special nonlocal 
unitary transformation with a subsequent reduction to one of the eigenspaces of the total 
reflection operator. The form of such bosonization procedure is found by analyzing the 
structure of the simplest supersymmetric quantum mechanical system (superoscillator) and 
then is employed for the general case of N = 1 supersymmetry. 


2.1 Simplest bosonized supersymmetric system 

Let us consider the superoscillator |Q given by the Hamiltonian 

+ ( 2 , 1 ) 

where 6 ^ and are the bosonic and fermionic creation-annihilation operators, 

[6-,6+] = l, {/-,/+} = !, /+2 = /-2 = o, [b^J^] = 0. 


The supercharge operators 

Q± = (2.2) 

are dynamical integrals of motion forming together with the Hamiltonian (| 2 . 1 | ) the superal¬ 
gebra of iV = 1 supersymmetry: 


= Ql = Ql=0, [Jl,<3±] = 0. 


(2,3) 


The Hamiltonian is the sum of the bosonic and fermionic number operators, H = Nb + Nf, 
Nb = [iVb,fe=^] = ± 6 =^, Nf = /+/“, [Nf,f^] = ±f^. Thus, in the basis |nb,n/), 

Nbl^b, nf) = nb\nb, Uf), Nf\nb, Uf) = nf\nb,nf), = 0,1,..., Uf = 0,1, H is diagonal and 
its spectrum is 


where n = 2nb + nf = 0,1,..., and [.] means the integer part. The state |0,0) is the 
SUSY singlet corresponding to Eq = 0, whereas all other states are SUSY doublets with 
E 2 k-i = E 2 k > 0, k = 1,.... The operator 

f=ir./i = -(-iy'. 


satishes the relations {F, f^} = 0, = 1. F is the grading operator, which may also be 

interpreted as fermionic reflection operator. Since Nf = |(1 -|- F), instead of Uf, one can 
characterize the complete basis by the eigenvalues of the operator F: F\nb,(p) = ip\nb,(p), 
if = ±1. The operators and F may be represented with Pauli matrices, = |(cri ±«ct 2 ), 
F = 0 - 3 . 

Let us rearrange the entire spectrum: 


En = E), 


e: 


EZ = 2 


'n -I- 1 ' 

, E- =2 

'n 

[ 2 J 


[2J 


1, n = 0,1, 


(2.5) 
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For n 7 ^ 0, are doubly degenerate, but Eq = 0 is nondegenerate. On the other hand, 
the spectrum E~ is doubly degenerate for all n. Thus, is the spectrum of a system with 
unbroken SUSY, whereas E~ corresponds to some another system in a phase of spontaneously 
broken SUSY. The corresponding eigenstates are 

|n, e) = (lub = 2n, v? = -e ■ 1), Irife = 2n + 1, = e ■ 1)), H\n, e) = U^|n, e). 

The subspaces with e = + and e = — are separated by the operator IZ = —RE, 7l\n, e) = 
e|n, e), where R = (—1)'^'' is the reflection (parity) bosonic operator, {R,b'^} = 0, R^ = 1. 
IZ represents the total reflection operator, {IZ, 6 =*"} = 0, {IZ, /^} = 0, 7?.^ = 1, and there is a 
unitary transformation relating TZ to the fermionic reflection operator E = u^, = TZ. 

The corresponding unitary operator may be written in the form 


U = exp(i7r5_n+) = 5+ — RS-, (2.6) 

where iS± = |(1 ± Ui) and n± = |(1 ± R) are the projector operators, 5^ = iS+iS_ = 0, 
5++5_ = 1, = n±, n+n_ = O, n++n_ = l. From (p.Gp one can see that f/^ = U~^ = U, 

and calling A' = UAU~^, then 

a'l = (Ti, a '2 = —Ro'2, o's = —Ro's = TZ, b'^' = b^ai = a^. (2.7) 


U transforms eigenstates of E into eigenstates of TZ: \n,e) = U\n,ip). The initial {untrans¬ 
formed) supercharges and Hamiltonian can be written in terms of the transformed operators 
a^, 77 as 

Q^=a^^{l±RTZ), H=^{a+,a-}-^RTZ, R={-1)^‘^, 

where Na = a~^a~, and we have taken into account that Nf, = Na- 

Let US consider now the restriction of these supersymmetry generators to the eigenspaces 
of the operator TZ. We have Q±\n, e) = Q±\n, e), H\n,e) = 7T^|n, e), where 

H^ = l{a+,a-}-]^eR. ( 2 . 8 ) 

Since the operators Q± and H commute with TZ, their restrictions ( p. 8 D satisfy the same 
Y = 1 superalgebra (|2.3|) . Thus, reducing the system to the subspaces with e = + or e = — 
does not affect the supersymmetry algebra. As a result, we hnd two systems described only 
by the bosonic operators and given by the Hamiltonians e = +, —. In the case of e = + 
the system exhibits the spectrum Ef corresponding to the exact supersymmetry, whereas 
the choice e = — gives the system in the phase of spontaneously broken supersymmetry 
with the spectrum E~. The operators Q\. given in terms of only bosonic operators are 
the corresponding supercharge operators. Thus, bosonized supersymmetry in the exact or 
spontaneously broken phases can be produced via the unitary transformation (p. 6 |) with a 
subsequent reduction of the system to one of the eigenspaces of the total reflection operator. 

The same result may be obtained applying the unitary transformation U to the super¬ 
charges and Hamiltonian (since U = U~^) with the subsequent reduction of the system to 
the corresponding eigenspaces of the operator E. Indeed, the transformed operators Q'^ and 
H' take the form 

Oi = 6T 1 (1 ± H' = (2.9) 
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and commute with the untransformed operator F = a^. Restricting these operators on the 
eigenspaces of F with (p = +1 or —1, and then changing the notation (p —> e, 6^ —>■ a^, we 
arrive at the bosonized supercharge and Hamiltonian operators ( |2.8|) . This alternative way 
is more convenient for generalizations. 

In the coordinate representation, where 6^ = the operator R acts as Rip{x) = 

'ip{—x), and we see that the operator ( |2.6| ) generates the unitary transformation 

T(x) T'(a:) = U^{x) = S+^{x) - 5_T(-a;), 

which is nonlocal, the transformed state at point x is a linear combination of initial states 
taken at points x and —x. 


2.2 Bosonized SUSYQM: general case 

We now generalize the bosonization construction starting with an arbitrary supersymmetric 
quantum mechanical system. Consider the SUSYQM system characterized by the super¬ 
charges Q± and the Hamiltonian H dehned by the superpotential W{x) [|l| : 


Let us decompose W{x) into even and odd parts, W{x) = H + (x) -|- lU_(x), W±{—x) = 
±lT±(x), and realize the unitary transformation with the operator ( p.6|) . Under it, the 


operators (|2.1CI|) are transformed into 


Q'± = 


^/2 


^ + lU-(x)^ ^(1 ± a^R), 


H' = \ + (lU+(x)ai + W.{x)f - «(x)ai + WL{x))asR^ . 

If the even part of the superpotential vanishes, 1U+ = 0, (as in the case of the superoscillator 
considered above, W{x) = lU_(x) = x), the operators Q'_j_ and H' commute with cxs and do 
not mix ‘up’ and ‘down’ states. Restricting these operators on the ‘up’ (e = -|-) and ‘down’ 
(e = —) eigenspaces of cxs, we get 

that generalizes the simplest bosonized supersymmetric system (|2.8|) . The restricted opera¬ 
tors Qf and form the N = 1 superalgebra ( p.3|) both for e = + and e = —. These two 
cases are related in a simple way: Q|(—W_) = —Qff(W-), ]IF{—W-) = There¬ 

fore, the general case of the bosonized SUSYQM can be given by the hermitian supercharge 
and Hamiltonian operators 


Qi 


i 

72 


'A. 

dx 


+ W-R 


Q 2 — iRQi, H 


1 

2 




( 2 , 11 ) 
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containing arbitrary odd function (superpotential) W_{x) and satisfying the superalgebra 
{Qi,Qj} = [H,Qi] = 0, i,j = 1,2. The hermitian supercharges are related to as 

Qi = i{Qt - Qt), Q2 = Qt + Q-- 

The generators of bosonized supersymmetry act on the space of wave functions 'h(a;), 
where the action of reflection operator R is dehned by = T(—x). It should be noted 

that the operator i\/2Qi is related to ^ through 

exp(—cu+i?) = exp(+a;+/2) — 

ax 

involving the nonunitary operator exp(a;+i?), a;+(x) = W-{y)dy. The argument of the 
exponent is operator-valued, and it can be verihed that 

—2Ql exp(—a;+i?)T(x) = exp(—21T_(x))-^T(x). 

ax ax 

This means that the action of i\/2Qi is not reducible to the simple derivative. 

Let us also note that for the particular case, lT_(x) = —the operator i\/2Qi coincides 
with the Yang-Dunkl operator |]^ ~ which occurs in the Calogero model p, 

where R is an exchange operator. With the extended differential operator we arrive at 
the deformed Heisenberg algebra with reflection 

[a“,a+] = 1 + z/i?, = {a^,i?} = 0, (2.12) 

with = -^{x^iDy). This algebra is intimately related to parabosons 0] and parafermions 
1 ^, and to the osp{l\2) and osp{2\2) superalgebras |^, 

Let us now decompose the wave function into even and odd parts, T (x) = ^^(x) -|-T_ (x), 
'I'±(—a:) = ±\l'(x), and dehne the differential operators 

We have Qi = i(H+n_ - H-n+), and H = A+A-U+ + A-A+Il_ where 

n+ and n_ are projectors on the even and odd subspaces, n-i-T(x) = T±(x). Then the 
eigenvalue problems QiT(x) = AT(x), ifT(x) = A^\l'(x) are decomposed into 

= a/2AT_, = a/2AT+, (2.14) 

and 

= 2A2T+, = 2A2T_, (2.15) 

respectively. In the conventional form of SUSYQM, the eigenvalue problems for the super¬ 
charge Qi = :^0'i(^ + hL<73) and Hamiltonian H = + — are formally given 

by the same relations (|2.14|) and (|2.15|) , but 4/^ in that case being the ‘up’ and ‘down’ compo¬ 
nents, with no parity restrictions imposed on them or on the superpotential W. Therefore, 
the bosonization procedure is reduced formally to the change of the superpotential lT(x) 
(having no parity restrictions in the general case of Witten’s SUSYQM) for odd superpoten¬ 
tial and to the change of ‘up’ and ‘down’ quantum states of the conventional SUSYQM for 
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even and odd wave functions in the bosonized version of SUSYQM. As we shall see below, 
these parity restrictions on the superpotential and wave functions imply that the bosonized 
SUSYQM can be understood as a supersymmetric system of two identical fermions. 

In correspondence with Eqs. (|2.14|) , (|2.15|) , if the bosonized supersymmetric system is in 
the phase of spontaneously unbroken supersymmetry, its vacuum state has to satisfy either 
A“\l^_,_ = 0 or A+'h. = 0. Solutions to these equations are 'h® = Y_,_ exp(—lU_(j/)(ij/), 
exp(+ W-(y)dy). The second solution would be odd only for Y_ = 0. There¬ 
fore, if the superpotential IU_ is such that T® is normalizable, it is the case of exact 
bosonized SUSY, i.e. the supersymmetric vacuum state (if it exists) is always described 
by an even function. In the bosonized version, like the case of conventional SUSYQM, the 
SUSY partner eigenfunctions belonging to the same energy eigenvalue B > 0 are related by 
the operators (|2.13|) , oc A“T+, \I'+ oc A+T.. 

Examples of the systems with unbroken bosonized supersymmetry are provided by the 
following superpotentials: 


IU_ = A; = 0,1,..., IU_ = e—, IU_ = esinha;, IU_ = etanhx, e = +. 

\x\ 

A superpotential of the form W- = — ^ gives rise to exact SUSY when e = + and z/ > —1. 

The supercharge and Hamiltonian operators for this system can be represented in the form 
( p.8|) in terms of creation-annihilation operators of the deformed Heisenberg algebra with 
reflection ( |2.12|) . This system turns out to be isospectral to the bosonized superoscillator 
in the phase of exact supersymmetry (with E+ = 2[(n -|- l)/2]) discussed in the previous 
subsection. 

On the other hand, for e = — the system with superpotential W- = ea; — ^ is in the 
phase of the spontaneously broken supersymmetry with the spectrum E~ = 2[n/2\ + 1 + u. 
In this case the deformation parameter dehnes the scale of supersymmetry breaking (for 
details, see ref. 0). 


3 SUSY of two-fermion system and bosonized SUSY 

As we saw, the bosonized form of SUSYQM can be formally obtained by imposing the 
corresponding parity restrictions on the superpotential and ‘up’ and ‘down’ states of the 
conventional SUSYQM. But analogous parity restrictions on the physical operators and 
wave functions emerge when a system of identical fermions is described. Having in mind this 
observation, here we show that the minimally bosonized supersymmetric quantum mechanics 
can be understood as a supersymmetric two-fermion system. With this interpretation, the 
bosonization construction is generalized to the case of Y = 1 supersymmetry in two spatial 
dimensions. 

Let us consider a system of two identical fermions on the line. It can be described by 
the wave function ^ 2 ) = —^^ 82 ,si( 2 ^ 2 , 2 ^ 1 ), where indices si, S 2 correspond to spin 

degrees of freedom of the particles, and we assume that unlike the 1-dimensional coordinate 
space, the spin operator space is 3-dimensionalQ. It is convenient to pass over to the center 

^Let us indicate the difference of the present case of fermions with spin from the systems of spinless 
fermions on the line, where the problem of self-adjointness of physical operators is essential OSlil- 
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of mass and relative coordinates, X = |(xi + X 2 ), x = Xi — X 2 , as well as to the basis of the 
total spin, Ji = i(cTj®l + l®cTj), i = 1,2,3. Then, omitting the dependence on center of 
mass coordinate, we describe the two-fermion system by the wave functions of the form 

= X’s^-ix) -b Xai^+ix), (3.1) 

where jg = +1,0,-1. Here = |+)|+), = |-)|-) and y° = + |-)|+)) 

are symmetric spin states forming a vector triplet, JiJiXi^ = 2 y^®, Jsxi^ = jsxi^^ and 
^ “ l“)l+)) antisymmetric spin -0 singlet state, JiJiXa = JsXa = 0 ; are 

odd functions, x) = —'0h®(x), whereas -0+ is an even function, '0+(—x) = '0+(x). To 

simplify the notation, below we denote y° and 0 ° by y^, y^ and 0 _, respectively. 

We want to realize N = 1 supersymmetry on this system of two identical fermions. This 
means that our task is to write the supercharge and Hamiltonian operators in a form similar 
to that in Witten’s SUSYQM: 

Ql ^ -W{x)cr^ , Q2^ il7sQl, (3.2) 

H = ^ (-^ + WHx) - W"(x)asi . (3.3) 

Let us try to do this in a way that respects the rotational J|-symmetry of the spin space. The 
list of nontrivial independent operators respecting J| symmetry is given by the operators 
commuting or anticommuting with J 3 , 

Si = ^(0-3 ® 1 - 1 (g) CT3), S2 = ^(di ® (72 - CT2 (g) CTi), S3 = ^((Ti ® (Ji -b (72 ® <72), 

Si = ^(CTI (g) CTi - (72 ® ( 72 ), S 2 = ^((7i 0 0-2 -b (72 0 CTi), 

and by J 3 = S 3 itself. Operators Sj annihilate the states y"*", y“, i.e. they are proportional 
effectively to 1 — J| which projects on the = 0 subspace, whereas operators Sj, being 
proportional to J|, annihilate the states y^, Xa- Rearranging 4-dimensional spin space into 
the direct sum of js = 0 and = 1 subspaces, we hnd that in the basis (y^, ya)©(y’'', y~) 
the action of the listed operators can be represented as 

Si = (7i©(l Js)-! ~ '01©©) (3-4) 

i.e. Siy,(„) = Xa{s), ^3Xs{a) = +{-)Xs{a), ^iX"^ = 0, E 2 = iSiS 3 , Siy^ = y^, Sgy^ = ±y^, 
^iXs(a) = 0, .=-2 = *‘=^1‘=^3- 

The ‘physical’ operators are those transforming the states of the form ( ^. 11 ) into the 
states of the same form (i.e. one should remember that we are dealing with the system of 
two identical fermions). The algebra of physical operators is generated by 

A = /+(x, ©)0+. A- = /_(!, L)0_, (3.5) 

where /±(-x, -^) = ±/±(x, £),0+ = 1, S 3 , Si, i = 1, 2, 3, and C>_ = Si, S 2 . 
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Taking into account the explicit form of the operators (^), we see that the supercharge 
operators cannot take the form (p. 2 |) on the subspace with = 1 since the differential 


operator ^ is odd. On the other hand, dehning the operators 


Qi = ^ , Q 2 = (3.6) 

where W_(x) is an odd function, and X = 1 © (1 — J|), we hnd that they satisfy N = 1 
superalgebra, {Qa, Qb} = [H, Qa\ = 0 . On the subspace J 3 = 0 , these operators 

take the form of operators ( |3.2|) , ( |3.3| ). Moreover, since these operators annihilate = 1 
states, we conclude that the Hamiltonian (|3.7|) and the supercharges (|3.6|) provide an = 1 
supersymmetry realized on the system of two identical fermions. Spin states with ja = 1 
and js = —1 are supersymmetric vacuum states with zero energy regardless of whether 
supersymmetry in = 0 sector is exact or spontaneously broken. 

The only essential difference of the supersymmetry realized in the sector = 0 from 
Witten’s SUSYQM is that in the two-fermion system the superpotential W-(x) must be an 
odd function. But we have exactly the same restriction in the case of minimally bosonized 
supersymmetric quantum mechanics and one can establish the one-to-one correspondence 
of supersymmetric js = 0 subsystem with the bosonized supersymmetric system. To this 
end, let us consider another system described by the scalar wave function T(a;) = 'k+(a;) + 
T_(a;), x) = ±T±(a;). The subspaces formed by even and odd functions are mutually 
orthogonal, they can be distinguished by the parity operator R, i?\k(a:) = T(—a:): R'^±{x) = 
±T±(x). Even operators f+{x, map these two subspaces into themselves, whereas odd 
operators f-{x, interchange these two subspaces. Taking into account that S 2 = iSiSa, 
we arrive at the one-to-one correspondence between the N = 1 supersymmetry realized on 
the system of two identical fermions in the = 0 sector and the bosonized supersymmetry 
through the following identihcations: 



Fermion system {js = 0) 

Bosonized SUSYQM 

States 




Xa'lp+ 


Operators 

/+X 

/+ 


/+S 3 

UR 


/-Si 

U 


/-S 2 

tUR 


The iV = 1 supersymmetry can also be realized in the two-fermion system in 2 dimensions. 
In this case the supercharges and the Hamiltonian are 

= Q 2 = ^S 3 Ql, 7f = ^(7r“2X-E35+), (3.8) 

where 7 r“ = —— y4“(x), = da = djdx°‘, a = 1,2, A_(x) is a two-dimensional 

antisymmetric vector potential, A_(—x) = — A_(x), and the magnetic held i?+(x) = 
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diAl{^) - d2A\{^) is symmetric under inversion x —— x. In this case the states = dzl 
are also supersymmetric vacuum states with zero energy. The = 1 supersymmetry real¬ 
ized in the js = 0 subspace of two-fermion system corresponds formally to SUSYQM of the 
two-dimensional (plane) spin- 1/2 particle with gyromagnetic ratio g = 2 interacting with a 
magnetic field given by a generic vector potential A(x) ^ (there is no parity restriction 
on the vector gauge potential): 


Qi = 


Q2 — icr^Qi, 


H= -(7r“2 


- (T3B). 


(3.9) 


The N = 1 supersymmetry of the js = 0 subspace of the system (|3.8|) gives rise to the 
bosonized 2 -dimensional supersymmetric system in the same way as we indicated in the 
one dimensional case with the only difference that the reflection (parity) operator R is 
now given hy R = R1R2, where Ri, R2 are reflection operators with respect to and 
{Ri,x^} = {R 2 ,x^} = 0, [Ri,x‘^] = [R 2 ,x^] = 0, Rl = Rl = 1, [Ri, R 2 ] = 0. The 
operator R is also the operator of space rotation by the angle n, R = exp{—i 7 iL), where 
L = i{x‘^di — x^d2) is the operator of orbital angular momentum. 

It is known that the conventional N = 1 SUSYQM can be constructed in 3-dimensional 
coordinate space in the form analogous to that of 2-dimensional space (|3.9|) , but this time 
the vector gauge potential must be an antisymmetric function, A(x) = — A(—x) = A_(x). 
In this case, the N = 1 supercharge and Hamiltonian operators have the form p[ 


n - 1 i 
Qi 


Q2 = iPQu H =-{itP - 


(3.10) 


where = ejkidkA^_ is a supersymmetric pseudovector of magnetic field, and P is the parity 
operator, {x*, P} = 0, z = 1, 2 , 3, = 1. Since in the supercharge Qi all cx-matrix factors are 

multiplied by odd operators 7r^_, it is clear that this 3-dimensional supersymmetry cannot be 
reproduced in the two-fermion system: the reason is that the form of the physical operators 
( p.5|) requires that S 3 should be multiplied only by even space operator. As a consequence, 
it is not possible to construct the bosonized analog of the supersymmetry (|3.10|) in the way 
described in Section 2. 


Reflection-dependent unitary transformation 
plied to Dirac field theory 


ap- 


It is well known that Witten’s SUSYQM is related in some aspects to the Dirac field theory 
P, H, 0] (see, e.g.. Section 4.3 below). With this motivation, here we apply the special unitary 


transformation (|2.6|) to the 2D Dirac field theory. First, we find that the transformation 
diagonalises the Hamiltonian operator of the 2D free massive Dirac field. Unlike the Foldy- 
Wouthuysen case, the resulting Hamiltonian is not of a square root form but is linear in 
space derivative and contains a space reflection (parity) operator. Subsequent reduction to 
‘up’ or ‘down’ field component breaks the Poincare invariance of the theory, but supplies a 
linear differential equation with reflection whose ‘squared form’ is the massive Klein-Gordon 
equation. In the massless limit this linear equation becomes the self-dual Weyl equation. 
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Then we show that the linear differential equation with reflection admits the generalization 
to higher dimensions and also allows gauge interactions. Finally, we show that the bosonized 
= 1 SUSYQM emerges if the nonlocal unitary transformation is applied to the Dirac field 
theory in a kink background. 


4.1 Linear differential equation with reflection 

Let us consider free massive Dirac equation in 1 + 1 dimensions, 

+ -m]^{t,x) = 0, 


and apply to it the unitary transformation 


T(t,a;) —^ x) = U'^{t^x)^ U = exp [i7r5„n+] = 5+ — RS-. 


(4.1) 


Here = 4(1 ± 75), 75 = 7°7^, n+ = |(1 + i?), and R is the space reflection (parity) 


operator, Rt = tR, Rx = —xR, R^ = 1. Transformation ([4.1|) is generated by the operator 
which is the product of the projector on the subspace of even functions, H+T (t, x) = \I/+(t, x), 
4/_|_(t,x) = T+(t, —x), and of the chiral projector 5_. In representation 7 ° = cxs, 7 ^ = i(j 2 , 
operator U is reduced to the unitary operator introduced in Section 2. With this unitary 
transformation, A ^ A = UAU~^. For A = t,x,ai, i = 1,2,3, this means t ^ f = t, 
x' = (TiX, (Ti —>• aj = (Ti, CT 2 —cr 2 = —R(J 2 , cr^ ^ = —Ra^. Multiplying the 


X 


transformed Dirac equation by we arrive at 


[iR{dt + d^) + m(T 3 ]T'(t, x) = 0. (4.2) 

Thus, the transformed Dirac held T' satishes the equation idR^' = H''^' with the Hamiltonian 

H' = —idx — Ra^m. (4.3) 


The Hamiltonian (ED has diagonal matrix form and therefore ( |4.1j) is analogous to the 
Foldy-Wouthuysen (FW) transformation. However, the Hamiltonian ([4.3|) is not of the FW 
square root form, but the relation 




—dl + m 


2 


is satished here due to the dependence of the Hamiltonian on the rehection operator R. Like 
the FW case, the transformation (EH) is nonlocal: the transformed held at point x is a linear 
combination of the positive chirality component of the held at point x and of the negative 
chirality component taken at point —x: 


4/'(t, x) = 5+\k(t, x) — 5_\k(t, —x). 

Since the transformed Dirac equation ( [4.2|) has a diagonal form, one could reduce the 
theory to that of either up, Tj = -0+, or down, T 2 = 0“, held component, each of which 
satishes the corresponding linear diherential equation. 


[iR{dt + dx) + em]^" = 0, e = +, -. 


(4.4) 
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In the light-cone coordinates = t ± x, Eq. (H) is 

X-) + em'ip^{x-,x+) = 0. 

Both helds and "0“ satisfy the massive Klein-Gordon equation as a consequence of equa¬ 
tion ([4.4|) , which we call the linear differential equation with reflection. However, the re¬ 
duction of the Dirac held theory given by Eq. (|4.2| ) to the one-component held theory 
corresponding to Eq. (O) destroys the Poincare invariance. This is clear from the form of 
the space translation and Lorentz transformations, 


^ K ■ ^ A ■ cTi (tdx + xdt - 


(4.5) 


which mixes the components = -0+ and ^2 = V' • Here k and A are the corresponding 
inhnitesimal transformation parameters. It is interesting to note that in spite of this breaking 


of Poincare invariance, the theory given by Eq. ([4.4|) has a formal analogy with the initial, 
non-transformed Dirac equation. Indeed, decomposing the held in even and odd parts, 
'0'^ = V’+ + f’-: —x) = a:), we represent one equation (^4.4|) with e = -|- or 

the form of two equations: 


m 


fldt'ifX + 9xi!-) + emiflf = 0, -i{dt'ft_ + dx'fX) + = 0. 


These two equations resemble the Dirac equation [fl'^^dt+'^^dx) -|-em]T’^ = 0 written in terms 
of ‘up’, and ‘down’, Tl, components, i.e. formally ipf and ipt play the role analogous to 
and respectively. 

The broken Poincare invariance can be ‘restored’ in the m = 0 limit. To do this, hrst one 


can note that in this limit Eq. ([4.4|) is the massless self-dual equation for a one-component 


Weyl fermion: [dt -|- dx)ip = 0 |^. For this held, the space-time translation and Lorentz 
transformations have the inhnitesimal form 


Sr‘lp ^ rdti!. ^ ^ A ftdx: + xdt - T i’t 


(4.6) 


and the corresponding theory is Poincare invariant. So, if one ignores the connection of the 
theory given by Eq. ([4.4| ) with the initial massive Dirac theory and postulates for the held 
ip'^ the same form of Poincare transformations (|4.6|) , then in the corresponding held action 
S = J Cd'^x with 

C-= ipfliR{dt + dx) + em]ip’^, ip = ip^R, (4.7) 

it is the mass term that breaks space translation and Lorentz invariance (but does not break 
time translation invariance). In this way, the held satisfying the linear diherential equation 
with rehection (^^) can be viewed as a massive Poincare non-invariant generalization of the 
Poincare invariant theory of massless Weyl held. 


4.2 Higher-dimensional generalization and switching on interac¬ 
tions 

The Lagrangian ([4.7|) can be generalized to the case of (2 -|- 1) dimensions: 

C^ = ip^L^ipf L^ = A + em, A = iR 2 [Ri{do + dfl + 82 ], (4.8) 
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where '0'^ = ^ R\ = ^ = 1; R 1 R 2 = R 2 R 1 ) RiXi = —XiRi, R 2 X 2 = —X 2 R 2 , 

R 1 X 2 = X 2 R 1 , R 2 X 1 = X 1 R 2 , RiXo = XoRi, i = 1,2. The equation of motion L’^'ip’^{xo,Xi) = 0 
is a linear differential equation whose ‘square’ is the D = 2 + 1 Klein-Gordon equation: 
multiplying by the operator A — em, and using the relation = —d^ + + c)|, we get 

the latter equation. The generalization to the arbitrary case of D = d + 1 is achieved via 
the following formal substitutions in the corresponding (d + l)-dimensional Dirac equation: 

7 '^dd —>■ Rddd, 1 '^ ^dd-i —> RdRd-idd-i, ■ ■ ■, ^ RdRd-i ■ ■ ■ -^ 2 ^ 2 , 

'f^di ^ RdRd-i---Ridi, 'f^do ^ RdRd-i-■-Rido- ( 4 . 9 ) 


The construction admits an arbitrary permutation of spatial indices. 

Let us return to the transformed Dirac equation ([4.2| ) in order to generalize the linear 
differential equation with reflection for the case of interaction. We start from the (1 + 1)- 
dimensional Dirac equation minimally coupled to the U(l) gauge held: — mjT = 0, 

Dfj, = d^ — ieAfj_. Applying to it the same transformation as in a free case, we get 

[iRiVo + Vi) + asm + iea2{Ao_ + Ai+)]T' = 0, (4.10) 

where Vq = dt-ieAo+, Vi = d,,-ieAi_, and A^ = + A^±{t, -x) = ±A^±{t,x). In 

the case when the electric held F = is such that its even part is zero, F^{t, x) = 0, 

the non-diagonal term can be removed from Eq. ( [4.10|) by the gauge transformation A^ —> 
A^ + d^K with A(t, x) = — Ai+(t, x')dx' + X(t). As a result the equation takes the diagonal 
form 


[iRiVQ + Vi) + cJsmjT = 0 . 

The quadratic equation following from Eq. (14.111) is 

(4.11) 

+ = 0 , 

(4.12) 


where JF = TL. In this case the transformed gauge potential components satisfy the following 
parity restriction conditions: Ao(t,—x) = Ao(t,x}, Ai{t,—x) = —Ai{t,x), i.e. Aq and Ai 
obey the same (anti)commutation relations with space rehection operator R as the time, t, 
and space, x. Reducing Eq. (|4.11|) , we hnd the generalization of Eq. (|4.4|) for the case of 
f/(l) interaction: 

[iR(T)Q Ri) F 6rTi\'ip^ = 0) ^ — T) —> (4-13) 

where -0“ = T 2 , Vq = dt — ieAo, Vi = dx — ieAi, with Aq and Ai being even and 

odd functions of x, respectively. Eq. ( [4.Rj| ) leads to the second order equation for the held 
'0'^ of the form ([4.12|) . Note that as in a free case, equation (|4.13|) and the corresponding 
second order equation decomposed in terms of even and odd parts of " 0 ^, ' 0 '^ = ' 0 + + V’h) 
are formally analogous to Dirac equation -|- em)T^ = 0 and associated Klein-Gordon 

equation -|- ieF — m^)4/ = 0, decomposed in ‘up’ and ‘down’ components. 

Introducing the corresponding restrictions on the gauge potential, one can generalize the 
free equation (|4.4|) to higher-dimensions with a U(l) interaction. For D = 2 -|- 1, this is 
achieved by imposing the following parity restrictions: Aq{xq,Xi,X 2 ) = Aq{xq, —Xi,X 2 ) = 
Ao{xq,Xi,-X2), Ai{xo,Xi,X 2) = -Ai{xo,-Xi, X2) = Ai{xo,Xi,-X2), A2 {Xo,Xi,X2) = 
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^ 2 (xo, —Xi,X 2 ) = —A 2 {xq,Xi, —X 2 )- Ih this case the associated quadratic equation is given 
by 

[V;D^ + + (^02 - 0^i2)Ri) - m^]r = 0 , ( 4 . 14 ) 

where — d^A^. In order to include the U(l) gauge interaction in arbitrary 

H = d + 1, we have to introduce the obvious parity restrictions for the components of the 
vector gauge potential A^ generalizing the D = 2 + 1 case: the components have to satisfy 
the same (anti)commutation relations with the set of d reflection operators Ri, i = 1 ,... ,d, 
as the coordinates do. 

The described construction also works for non-Abelian gauge interaction. It is sufficient 
to take the field x) in the corresponding representation of the internal gauge group, and 
impose on the algebra-valued vector gauge potential the same parity restrictions, as in the 
case of the U(l) interaction. 


4.3 Dirac field in a kink background and bosonized SUSYQM 

Conventional SUSYQM underlies the dynamics of Dirac field propagating in a background 
of a stationary scalar field soliton [^. Here we show that the bosonized SUSYQM can also be 
revealed for a Dirac field in a kink background. Analogously to the case of Witten’s super- 
symmetry, the exact or broken phases of minimally bosonized SUSYQM may be associated 
with the presence or absence of fermionic zero modes in a system. 

To see this, let us consider the Lagrangian 


C = C. + tln'-S,. + 9 W{ 4 ,)]<t, 


(4.15) 


with Cg = 1(9^0)^ — U(0) describing nonlinear scalar field </> interacting with Dirac field 
T. The Lagrangian ( [4.15| ) was used in the context of fermion number fractionalization 
observed in certain polymers like polyacetylene, and also in supersymmetric field theories in 
1-1-1 (for V = and gW = v' with v = v{(j)) being a superpotential). 

Applying the unitary transformation ( [4.1|) to the Dirac field T, the fermion part becomes 


Cf = ^'[iRidt + d^) - gasW+icj)) - *(/a2lU_(0)]T', T' = 


where we have used the decomposition IU(0) = IU+(0) -|- W-{(f)), W±{(j){t,x)) = 

±W±{(j){t,—x)). With an additional unitary transformation T' —-0 = f/'T' generated 
by U' = exp(i|(Ji), we get finally for the Lagrangian (|4.15|) 

CC = Cs + ^[iR{dt +d^) + ga2W+{(t)) - iga:iW_{(i))\ii, = (4.16) 


Suppose now that in the free case (gf = 0), the nonlinear scalar field theory has a static kink 
solution 0C5 satisfying the equation d?(pc{x)/dx"^ = dV{(p )/and require that IU(0) is 
such that IL + (0c) = 0. To see that this requirement for W is not too tough, consider, as an 
example, (f)'^ model with U(0) = A^(0^ — a^)^, A > 0, a > 0, and sine-Gordon model with 
V (0) = cos 0. These models have kink solutions of the form 

aX 

72 


(x — Xi) , sG(j)c{x) = 4 tan ^exp(a; —X 2 ), 


0 ^ : 0c(a;) = atanh 
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where Xi, X 2 are some constants (see, e.g., 0 )- For 0 close to corresponding kink solution, 


the choice W{(j)) = W_(d>(0)), with arbitrary odd function >V_ and 


0"^: d>(0) = —-tanh ^(a ^0)+Xi, sG : <F(0) = lntan(0/4) + X 2 

CLA 

satishes the imposed requirement for 0^ and sine-Gordon models. In the case of 0'^ model, 
kink solution with Xi = 0 admits, obviously, a simple choice W ( 0 ) = (j). 

Then, for held '0 propagating in this static background the equations of motion take the 
diagonal form for up, and down, 'ip~, components: 


[iR{dt + d:,) - eigW_{(l>c)W = e = +, -. 

Since 0c is static, one can factorize as = exp(—ia;t)'0'^(a;), oj = const. As a 

result, we arrive at the equation = utl^'^^x) with = —i{dx + egW-{(j)c{x))R) . The 

Hamiltonian has the form of the supercharge of the bosonized supersymmetric quantum 
mechanical system with the superpotential Wt{x) = egW-{(l)c{x))\ 


W = Q\ = 


dx 


+ Wt{x)R 


The bosonized supercharges Q\ and Q\ = iRQ\ and the operator = [—-^ + — 

i^WlR], form an X = 1 SUSY algebra: {Qt,Q^j} = = 0. Only 

one of the two equations -^ip’^[x) = —lUl(x)' 0 '^(a;), e = +, —, can have a normalized solution, 
and if so, 'ip{x) is an even function. In this case, the corresponding associated bosonized 
quantum mechanical system is in the phase of exact SUSY, and there is a fermionic zero 
mode solution (corresponding to a; = 0) in the theory given by Lagrangian ([4.16|) . On 
the other hand, if the equations = 0, e = +, —, have no normalizable solutions, the 

corresponding quantum mechanical bosonized supersymmetric systems are in a phase of 


spontaneously broken supersymmetry, and the theory (|4.16|) has no fermionic zero modes. 


5 Discussion and outlook 


To conclude, let us indicate some problems that deserve further attention. 

Our construction results in even and odd supersymmetry generators ( p.ll| ) given in terms 
of only bosonic operators, i.e. supersymmetry algebra is preserved here. This is in contrast 
to the hidden supersymmetry observed by Gozzi |]^ at the level of the generating functional 
of Witten’s SUSYQM, where the information on the supersymmetry algebra disappears after 
integrating away the anticommuting variables. On the other hand, at the moment for us 
it is not clear how supersymmetry transformations should be understood in the bosonized 
SUSYQM. This is not clear either in the case of conventional SUSYQM if the fermionic 
operators are realized in matrix form, without turning to the holomorphic (Grassmann) 
representation. Some light on this problem could be shed by the observed possibility of 
interpreting the minimally bosonized SUSYQM as supersymmetry of identical fermions. 

The minimally bosonized SUSYQM has a nonlocal nature brought about by the reflection 
operator in the unitary transformation (| 2 .(j|) and in the bosonized supersymmetry generators 
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( p.llp . In this sense, the construction is analogous to the bosonization of fermionic theories 
in 1 + 1 dimensions which, in turn, is a generalization of the one-dimensional Jordan- 


Wigner transformation for spin systems and its higher-dimensional extensions 0. An 
open problem we will address elsewhere is constructing the (1 -|- l)-dimensional field analog 
of the minimally bosonized SUSYQM which could be realized in terms of only one scalar 
field in the simplest case. 

According to the constructions realized in Section 2, two different bosonized supersym¬ 
metric systems given by the superpotentials W-{x) and —W(^x) together form a system, 
unitary equivalent to one conventional SUSYQM system with the superpotential W_{x) 
-W-{x)). On the other hand, it is an open question what is the conventional super- 


or 


symmetric system being equivalent to one bosonized system with superpotential IIY (x). In 
the simplest case, the bosonized supersymmetric system with W-{x) = a; is equivalent to 
the superoscillator with W(x) = ±\/2x, where the coefficient a/2 accounts for the difference 
in the energy spectra En and U/ given by Eqs. ( |2.4|) and ( p.5|) . However, it is not obvious 
which is the conventional supersymmetric system in the phase of spontaneously broken su¬ 
persymmetry possessing the same spectrum E~ in (|2.5|) , as the bosonized supersymmetric 
system with W-(x) = —x. 

We saw that the superpotential W-(x) = x — gives the isospectral family of the 
bosonized supersymmetric systems specified by the parameter v > —\ and containing the 
bosonized superoscillator system in the phase of exact supersymmetry {y = 0). It could 
be expected that bosonized SUSYQM should provide a universal recipe for constructing 
isospectral supersymmetric families. That is, given a bosonized supersymmetric system 
with the superpotential W-{x), one could produce other bosonized supersymmetric systems 
isospectral to the first one. 

The deformed Heisenberg algebra with reflection ( |2.12|) is closely related to parabosons 
and parafermions 0, §, and we saw that it emerges naturally in bosonized SUSYQM. We 
also showed that bosonized SUSYQM can be understood as the supersymmetry realized 
in a system of two identical fermions. Therefore, it would be interesting to investigate 
the relationship between the parabosonic and parafermionic systems on one hand, and the 
supersymmetric two-fermion systems on other. Besides, the results of Section 3 seem to in¬ 
dicate that they could be generalized to relate n-particle spinless integrable models involving 
exchange operators ^ with n-particle integrable systems of identical fermions. 

Conventional supersymmetry plays an important role in the theory of (1-|-l)-dimensional 
integrable systems @, |^. It would be interesting to investigate the applications of bosonized 
SUSYQM to the theory of (1 -|- l)-dimensional integrable systems on the half-line One 


notes also that the (1 -|- l)-dimensional linear differential equation with reflection has some 
formal analogies with the theory of a massless boson field on the half-line related, in turn, 
via bosonization to the massless fermion field on the half-line [25|. Indeed, in both theories 


spatial translation and Lorentz invariance are broken, whereas the theories are invariant 
under time translations. Mixed boundary conditions for the boson field on the half line 
contain a parameter of dimension of mass and they are introduced adding to the action 
functional the mass boundary term. It is such a term, like mass term in our Lagrangian 
( [4.71) , that breaks Lorentz and translation invariance. An idea analogous to the introduction 
of a mass parameter to produce mixed boundary conditions was used earlier in ref. 


to transform (1 -|- l)-dimensional massive scalar field theory into relativistic anyon field 
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theory. Thus, a natural and attractive problem would be to quantize the theory given by 
Lagrangian ([4.71) and investigate its relation to the held theories on the half-line, especially 
to the relativistic model of massive anyons |]^. It would be also interesting to answer 


the question of whether the higher dimensional generalizations of the (1 -|- l)-dimensional 
linear differential equation with rehection can be obtained from the corresponding higher 
dimensional Dirac equation through a unitary transformation with reduction analogous to 
our construction of Section 4. 
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